ABSTRACT. We explain the effective renormalization method of quantum field theory in the Batalin-Vilkovisky formalism and illustrate its mathematical applications by three geometric examples: (1) Topological quantum mechanics and algebraic index, (2) Elliptic curve and higher genus mirror symmetry, (3) Calabi-Yau geometry and integrable hierarchy. This note is an expansion of author's talk at ICCM 2016.
INTRODUCTION
Quantum field theory has been a rich source of mathematical structures. Typically, quantum field theory deals with infinite dimensional geometry, a fact that lies behind many of its nontrivial consequences. A famous example is the mysterious mirror symmetry conjecture between symplectic and complex geometries. It has a clean physics interpretation as a version of infinite dimensional Fourier transform. Still, we do not have a good mathematical framework to understand why mirror symmetry holds although many nontrivial statements have been checked. Nevertheless, asymptotic analysis can always be performed with the help of the celebrated idea of renormalization and effective field theory. The purpose of this article is to explain some aspects of effective renormalization method of quantum field theory and show how it leads to powerful applications to geometric problems.
A physics system is usually described by a map S : E → R.
Here E is called the space of fields and S is the action functional. Here are some typical examples.
• E = C ∞ (X). Scalar field theory.
• E = {connections on a vector bundle V → X}. Gauge theory.
• E = Map(Σ, X). σ-model.
• E = {metrics on X}. Gravity.
In all examples above, E is an infinite dimensional space carrying a delicate topology. Classical physics is decribed by the critical locus Crit(S) = {δS = 0} which usually leads to interesting differential equations (equations of motion). One convenient way to approach quantum physics is by Feynman's "path integral"
O is called an observable. O is the correlation function. Again, we encounter the mathematical challenge for such ∞-dim integral. On the other hand,h-asymptotic analysis has a solid foundation usually called perturbative field theory. Although modern physics is deeply rooted in understanding nonperturbative aspects of quantum field theory, theh-asymptotic analysis gives very useful physics information as well as new mathematical phenomenons. We illustrate this by three geometric applications.
(1) Topological quantum mechanics and index theorem. Quantum field theory in one dimension is quantum mechanics. We first explore the well-studied example of topological quantum mechanics and explain the result of [27] on its connection with Fedosov's deformation quantization [18] :
low energy effective theories of topological quantum mechanics Fedosov's abelian connections on the Weyl bundle .
This fact together with a version of Atiyah-Bott localization computation leads to a geometric proof of the algebraic index theorem, which was first formulated by Fedosov [19] and Nest-Tsygan [38] as the algebraic analogue of Atiyah-Singer index theorem. This result is analogous to the physics interpretation of Atiyah-Singer index theorem [2, 22, 44, 45] via semi-classical analysis of supesymmetric quantum mechanics, as well as the symbol calculus of pseudodifferential operators [20, 23, 39] . (2) Elliptic curve and higher genus mirror symmetry. We consider chiral deformations of free CFT's in the Batalin-Vilkovisky (BV) formalism in two dimension [33] . We explain that BV quantization of 2d chiral theory Integrable evolution of vertex algebra where the evolution is parametrized by the relevant background symmetry. This can be viewed as the 2d analogue of the above 1d quantum mechanical result. As an application, we show how this construction leads to an exact solution [33] of quantum B-model (BCOV theory [5, 12] ) in complex one dimension that solves the higher genus mirror symmetry conjecture on elliptic curves [32, 33] . (3) Calabi-Yau geometry and integrable hierarchy. Topological string on Calabi-Yau geometry usually leads to integrable hierarchies. We propose a geometric interpretation of this mysterious phenomenon in terms of B-twisted topological string field theory (BCOV theory [5, 12] ). Let X be a Calabi-Yau geometry (either a compact Calabi-Yau or a Landau-Ginzburg model). We consider X × C which is again Calabi-Yau but with dimension increased by one. Compactifying along X, BCOV theory on X × C 2d chiral theory on C we get an effective 2d chiral theory on C. We explain the proposal in [28] that the BV master equation for the effective 2d chiral theory induced from that on X × C leads to integrable hierarchies.
BV master equation =⇒ Integrable hierarchy
In all examples above, we work with Batalin-Vilkovisky (BV or BRST-BV) quantization scheme, which arises in physics as a general framework to quantize theories with gauge symmetries [4] . In this article we work with Costello's formalism [10] of homotopic effective renormalization which is a convenient framework for our geometric problems. We introduce the basic philosophy and notions of BV quantization in the asymptotic analysis of quantum gauge theories, and then explain with more details on the above examples.
Conventions
In this article we work with the category of Z-graded vector spaces over a field of characteristic 0.
• Let V = m∈Z V m be a Z-graded k-vector space. Given a ∈ V m , we letā = m be its degree.
• V[n] denotes the degree shifting such that V[n] m = V n+m .
• All tensors are in the category of graded vector spaces. Koszul sign rule is assumed. Sym m (V) and ∧ m (V) denote the graded symmetric product and graded skew-symmetric product respectively.
and V((h)) denote polynomial series, formal power series and Laurent series respectively in a variableh valued in V.
• Given A, B ∈ Hom(V, V), the commutator [A, B] ∈ Hom(V, V) always means the graded commutator: [A, B] = AB − (−1)ĀBBA.
BATALIN-VILKOVISKY QUANTIZATION
2.1. A prototype of BV formalism. Calculus is nicely packaged into the framework of de Rham theory: let X be an oriented manifold, C ⊂ X be a submanifold, α be a smooth differential form, then there is a natural integration pairing between α and C C α.
If α is closed, i.e. dα = 0, and C has no boundary, then Stokes' theorem tells that the above integration is invariant under continuous deformations of C.
The BV approach to the above problem is to consider the super manifold T * X[−1], where we have graded the cotangent fiber direction to be odd of degree 1. It carries a natural (−1)-shifted symplectic structure (which we denote by ω), and we can identify its structure sheaf via polyvector fields
The induced Poisson bracket on O T * X[−1] coincides with the Schouten-Nijenhuis bracket.
Let us fix a chosen volume form Ω on X. It allows us to identify via contracting with Ω
Under this identification, the de Rham differential d gives rise to a differential
∆ will be called the BV operator, which is the divergence operator with respect to the volume form Ω. The
is an example of BV manifold [43] . In general, a BV manifold M carries a natural integration pairing between its functions and lagrangian super submanifolds [43] :
If L has no boundary, and µ is ∆-closed, then L µ is invariant under continuous deformations of L and a version of Stokes' theorem holds. This is the BV analogue of de Rham theory.
In our case
In our geometric situation above, the de Rham theory and BV formalism are completely equivalent. There is one subtle difference when we move on to discuss infinite dimensional geometry of quantum field theories. In de Rham theory, the integration map
can be identified with the cohomology
Here n is the dimension of X. In the BV approach, the BV integration
can be identified with H 0 . When n = ∞ as in quantum field theory, H 0 behaves better than H n . The problem of integration is transferred to construct ∆, which has a convenient formulation at least in perturbative quantum field theory. This is one of the folklore advantage of working with BV. Here ∆ is called the BV operator. ∆ being "second-order" means the following: let us define the BV bracket {−, −} as the failure of ∆ to be a derivation {a, b} := ∆(ab) − (∆a)b − (−1)āa∆b.
Then {−, −} defines a Lie bracket of degree 1 (Gerstenhaber algebra) such that ∆ is compatible with {−, −} via a graded version of Leibniz rule. In our discussion above, the triple is (PV −• (X), 0, ∆).
] of degree 0 is said to satisfy quantum master equation (QME) if
This is equivalent to
The leadingh-order I 0 satisfies CME :
which is called the classical master equation (CME).
Definition 2.3.
A solution I of quantum master equation gives rise to a differential
The cohomology
is called the quantum observables. Similarly, its classical limit
is called the classical observables.
Here we give some mathematical and physical explanations of the above definitions.
(1) Classical master equation: Q + {I 0 , −} squares zero and describes the infinitesimal gauge transformations (BRST). Mathematically, this defines a homotopic Lie-algebra ( 
This is the analogue of a closed differential form in the BV setting.
L is a lagrangian super subspace of E related to a gauge fixing condition. In particular, for a quantum observable O, O is invariant under continuous deformations of the gauge fixing condition L and independent of the choice of representatives. This is the original motivation for the BV description of quantum gauge consistency.
Example 2.4 (Singularity theory)
. We compare BV formalism in the finite dimensional case with classical singularity theory. Let f : C n → C be a polynomial in n variables with an isolated critical point at the origin. Let {z i } n i=1 be holomorphic coordinates on C n . Let {θ i } n i=1 be Grassmann variables of degree −1
Let C{z} be the germ of holomorphic functions at 0. We consider the triple
It is easy to check that ∆ 2 = 0, and its expression explains the name "second order".
• f = f (z i ) gives a solution of QME: ∆e f /h = 0 since f does not depend on θ i 's.
• The space of classical observables is given by the Jacobian algebra or Milnor ring
• The space of quantum observables is isomorphic to a formal completion of the Brieskorn lattice [41] Obs
is the germ of holomorphic k-forms at the origin 0.
• The BV integration models the oscillatory integral
where L is a Lefschetz thimble.
The Brieskorn lattice (or the quantum observables) plays the important role of Hodge filtration in singularity theory (see [3, 31] for an exposition). The above finite dimensional model is the effective theory of topological Landau-Ginzburg B-model. In general, a quantum field theory can be viewed as a version of infinite dimensional singularity theory, and theh-filtration is related to the Hodge filtration.
(-1)-shifted symplectic geometry.
A general class of differential BV algebras arises from odd symplectic geometry. Let us start with a finite dimensional toy model. Let (V, Q) be a finite dimensional dg vector space. The differential Q : V → V induces a differential on various tensors of V, V * , still denoted by Q. Let
be a Q-compatible symplectic structure such that deg(ω) = −1. Then ω induces an isomorphism
.
where we have used the canonical isomorphism [2] . Let us define the formal power series ring
is a graded-commutative dga. Let ∆ K denote the second order operator
by contracting with the kernel K ∈ Sym 2 (V) using the pairing between V and V * . It is straight-forward to
Remark 2.5. The relevant data defining the BV operator is K instead of ω. In fact, for any Q-closed element K ∈ Sym 2 (V) of degree 1, the triple (O(V), Q, ∆ K ) defines a differential BV algebra. In particular, the above construction is generalized to the case when K is degenerate, i.e. the Poisson case.
Let P be a degree 0 element of Sym 2 (V), and consider the new BV kernel
We say that K P is homologous to K. We can form a new differential BV algebra (O(V), Q, ∆ K P ). Let ∂ P denote the second order operator on O(V) by contracting with P, which is defined similarly to ∆ K associated to K. The following simple algebraic lemma is key to Costello's homotopic renormalization theory [10] .
Lemma 2.6. The following equation holds formally as operators on O(V)[[h]]
Q +h∆ K P e¯h
i.e., the following diagram commutes
This lemma is a simple consequence of the observation that [Q,
consisting of functions that are at least cubic moduloh.
. Let I P be formally defined by the equation
The real content of the above formal definition of I P is that
where the summation is over all connected Feynman graphs with P being the propagator and I being the vertex (see [6] for an exposition on Feynman graph techniques). Here g(Γ) denotes the genus of Γ, and |Aut(Γ)| denotes the cardinality of the automorphism group of Γ. I being at least cubic implies that the above infinite graph sum leads to a well-defined element of O + (V). The statement of I P being a solution of the quantum master equation is a direct consequence of Lemma 2.6. Definition 2.9. Given P ∈ Sym 2 (V) of degree 0, we define the homotopic renormalization group flow (HRG)
operator W(P, −) by
Lemma 2.6 says that HRG links QME for differential BV algebras whose BV kernels are homologous.
2.4. Effective BV quantization. Quantum field theories always have infinite dimensional space of fields playing the role of V in the previous subsection. Typically, a classical field theory in the BV formalism consists of (E , Q, ω, S 0 ) where
where (−, −) is a degree −1 skew-symmetric pairing on E valued in the density line bundle on X. 
Here the quadratic term ω(Q(−), −) is called the free part, while I 0 is called the interaction.
Example 2.10 (Chern-Simons theory)
. Let X be a 3-manifold. g be a Lie algebra with a Killing pairing Tr.
• E = Ω • (X, g) [1] , and Q = d is the de Rham differential.
•
• Let [−, −] be the bracket on E induced from g. The Chern-Simons functional in the BV formalism is
The space of fields E carries a natural topology, and V * is replaced by the continuous dual of E E * = Hom(E , R),
i.e., distributions. Then formal functions O(E ) are defined in terms of the completed tensor product.
is defined similarly (taking care of the sign of permutations). Then
is the analogue of O(V).
Since ω is given by integration, the Poisson kernel K 0 = ω −1 is given by δ-function. In particular, K 0 is singular. Therefore the naive analogue of the finite dimensional model
is ill-defined since we can not pair a distribution with another distribution. This difficulty is related to the ultra-violet problem in quantum field theory. Note that the BV bracket {−, −} is in fact well-defined for local functionals, i.e., functionals of the form X L by integrating a langrangian density. In particular, the classical master equaition QI 0 + 1 2 {I 0 , I 0 } = 0 is well-defined for a local interaction I 0 . In [10] , Costello uses a smooth kernel K r that is homologous to K 0 to define the renormalized BV operator (the existence of such a homologous smooth kernel is a consequence of elliptic regularity). Since smooth functions can be paired with distributions, the BV operator (defined similarly as the finite dimensional case)
is well-defined. In this way we obtain a family of differential BV algebras There is a parallel observable theory in such a homotopic renormalization framework developed by Costello-Gwilliam [11] . Here is a picture to illustrate the situation: 
For 0 < < L, K and K L are homologous by the smooth kernel
which is called the regularized propagator. It leads to the formalism of homotopic renormalization group flow used in [10] .
3. APPLICATIONS 3.1. Topological quantum mechanics and index theorem. The simplest nontrivial example is when the underlying manifold X is one-dimensional. This corresponds to quantum mechanical models. We give a complete description of the geometry of BV quantization for the low energy effective theory of topological quantum mechanical models.
Let us start with a linear model. Let X = S 1 . Let V be a graded vector space with a degree 0 symplectic pairing
The space of fields of our local model will be
Let us denote by X dR the super-manifold whose underlying topological space is X and whose structure sheaf is the de Rham complex on X. We can identify ϕ ∈ E with a mapφ between super-manifoldŝ ϕ : X dR → V.
The differential Q = d S 1 on E is the de Rham differential on Ω • (S 1 ). The (−1)-shifted symplectic pairing is given by the composition of the symplectic pairing and the integration map
This model is just the AKSZ-formalism [1] applied to the one-dimensional σ-model. Given I ∈ O(V) of degree k, it induces an elementÎ ∈ O(E ) of degree k − 1 viâ
We choose the standard flat metric on S 1 and work with the heat kernel regularization as in Remark 2.12. We have a regularized BV kernel K L for each L > 0. K and K L are homologous by the regularized propagator P L for 0 < < L ≤ ∞. The homotopic renormalization group flow operator W(P L , −) connects the corresponding solutions of quantum master equations.
Theorem 3.1 ([27]
). Given I ∈ O + (V) of degree 1, the limit This theorem illustrates an explicit relationship between BV quantization in one dimension and the Weyl quantization. It can be globalized on a symplectic manifold (X, ω) as follows. For each point p ∈ X, the tangent space T p X is a linear symplectic space and O(T p X) has a canonical Weyl quantization. It glues to a bundle of algebra Weyl(T X ) with fiberwise Moyal-Weyl product
Let ∇ be a torsion-free connection on T X that is compatible with ω (called a symplectic connection). ∇ naturally induces a connection on Weyl(T X ). In [18] , Fedosov shows that ∇ can be modified to be flat by adding a "quantum correction" γ ∈ Ω 1 (X, Weyl(T X )). 
is ah-linear isomorphism, which induces a star product (deformation quantization) on C ∞ (X) [[h] ] via the fiberwise Moyal-Weyl product on Γ f lat (X, Weyl(T X )).
We consider the topological σ-model of AKSZ type
We consider the low energy effective theory E which describes the formal neighborhood of constant maps. It can be viewed as a sheafification of our linear model V by gluing the tangent spaces {T p X}.
Theorem 3.2 (GLL).
Solutions of effective quantum master equation for E corresponds to Fedosov's abelian connections. The associative algebra of local quantum observables is identified with Fedosov's deformation quantization.
We refer to [27] for more precise notions in the above theorem. Physically, this theorem says that the low energy effective theory of topological quantum mechanics is described by Fedosov's abelian connections and deformation quantization. There is a natural lagrangian super submanifold L inside E , which induces a correlation function L
: Obs q → R((h)).
Restricting to local quantum observables, it can be identified with the unique normalized trace map on the deformation quantized algebra [18, 38] Tr :
Combining with Atiyah-Bott localization method, we can compute
This is the simplest version of algebraic index theorem which was first formulated by Fedosov [19] and NestTsygan [38] as the algebraic analogue of Atiyah-Singer type index theorem. It leads to the Atiyah-Singer index theorem with the help of the symbol calculus of pseudodifferential operators [20, 23, 39] . Our formulation is closely related to the physics interpretation of Atiyah-Singer index theorem [2, 22, 44, 45] via semi-classical analysis of supesymmetric quantum mechanics. When the symplectic manifold X is the total space of a cotangent bundle, there is a closely related result [25] where the quantization is one-loop exact.
3.2. 2d chiral theory in the BV formalism. We move on to consider quantum field theories in two dimension. For simplicity, we consider a flat surface
where τ is an element of the upper half plane.
Here are some examples of free conformal field theory (CFT) in two dimension.
• free boson: Σ ∂φ ∧∂φ. φ a scalar field.
• bc-system: Σ b ∧∂c. b, c is a pair of fermions.
• βγ-system: Σ β ∧∂γ. β, γ is a pair of bosons.
We consider effective BV quantization in two dimension for chiral deformation of free CFT of the form:
Here I is a local functional of the form
where L hol is a lagragian density involving only holomorphic derivatives of
There is an analogue of Theorem 3.1 describing the effective BV quantization, where the Weyl algebra is replaced by the vertex algebra. We give a brief discussion on vertex algebras and refer to [21, 29] for details.
A vertex algebra is a vector space V with the structure of state-field correspondence (and other axioms like vacuum, locality, etc.)
For simplicity, we will just write A(z) for the operator Y(A, z) associated to A ∈ V. It defines the operator product expansion (OPE)
which is the 2d analogue of "associative product". We often write its singular part as
Given a vertex algebra V, we can associate a Lie algebra V from its Fourier modes. As a vector space
The Lie bracket is determined by the OPE (Borcherds commutator formula)
Remark 3.3. For any A ∈ V, the residues A (0) = dzA(z) generates an infinitesimal automorphism of the vertex algebra. See for example [21, Corollary 3.3.8].
In our BV setup for chiral deformation of free CFT's, the space of fields has the form
of Dolbeault complex valued in some vector space h. h generates a vertex algebra V, and a chiral lagrangian L hol gives rise to an operator L hol ∈ V. The following theorem is a 2d analogue of Theorem 3.1. We refer to [33] for details.
Theorem 3.4 ([33]
). We consider the following two dimensional quantum field theory with fields Ω 0,• (E τ ) ⊗ h and S = free CFT + I where I = d 2 zL hol is a chiral deformation described above. The differential Q =∂ + δ : Ω 0,• ⊗ h → Ω 0,• ⊗ h is the sum of∂ and a holomorphic differential operator δ.
(1) The theory is UV-finite.
(2) Solutions of effective quantum master equations
where dzL hol is viewed as an operator on the corresponding vertex algebra.
Remark 3.5. Remark 3.3 implies that we can globalize the above construction to obtain a 2d analogue of Theorem 3.2. For example, chiral de Rham complex [37] could be obtained in this way. See also [24] . It would be interesting to obtain a general algebraic index theorem for chiral vertex operators in this way.
We will explore applications of (2) in later subsections. Here we first explain (1) on the UV finiteness. The UV property for chiral deformations is known to physicists via the method of point-splitting regularization. It has a nice cohomological interpretation in the our current framework. We give an example to illustrate the basic idea. A full development will appear in a forthcoming paper [34] .
Let us look at a two-loop diagram
Here the propagator is given by the P(z; τ) = ∞ 0 ∂ 2 z h t where z is the linear holomorphic coordinate on C, and h t (z) = 1 4πt
2 /4t is the heat kernel function on E τ with respect to the flat metric i 2 dz ∧ dz. P(z; τ) can be expressed as
where P is the Weierstrass P-function. E 2 is the second Eisenstein series, and E * 2 = E 2 − 3 π 1 im τ . Naively, P has a pole of order 2, and the above integral looks like divergent. However, our homotopic renormalization scheme leads to a well-defined renormalized value, which can be described as follows. Consider the exact sequence of sheaves on
where M is the sheaf of meromorphic functions, and Ω 1 I I is the sheaf of abelian differentials of second kind, i.e. meromorphic 1-forms without order 1 pole. The integrand
can be viewed as an element of H 1 (E τ , Ω 1 I I ). Then the renormalized value of the above Feynman integral is given by the boundary map
Using this we find 1
Under theτ → ∞ limit, which amounts to replacing E * 2 → E 2 , the above integral reduces to an A-cycle integral computed by Douglas [17] . This explanation of renormalization works in great generality [34] .
3.3. BCOV theory and higher genus B-model. The closed string field theory is described in terms of BV master equation [46] . This is one of the places where BV quantization plays an essential role. We are interested in mirror symmetry between topological strings. The leading cubic approximation of string field action in the B-twisted topological sector on Calabi-Yau 3-fold is proposed in [5] , called the Kodaira-Spencer gauge theory. This is generalized in [12] where we have found the full B-twisted topological string field action on Calabi-Yaus of arbitary dimension that satisfies the classical master equation. We call this BCOV theory and propose (as a generalization of [5] ) that the BV quantization of BCOV theory leads to quantum B-model that is mirror to the A-model Gromov-Witten theory of counting higher genus curves. As an application of the effective BV quantization method, we carry out this program explicitly for elliptic curves following [33] . See [7] [8] [9] 26] for another categorical approach to this example.
3.3.1. classical BCOV theory. Let X be a compact Calabi-Yau manifold of dimension d. Ω X will be a fixed holomorphic volume form. By abuse of notation, we let
be the space of polyvector fields on X. Here T X is the holomorphic tangent bundle, and Ω 0,j (X, ∧ i T X ) is the space of smooth (0, j)-forms valued in ∧ i T X . Ω X induces an identification between the space of polyvector fields and differential forms
where is the contraction, and Ω i,j (X) denotes smooth differential forms of type (i, j). The holomorphic de Rham differential ∂ on forms defines an operator on PV(X) via the above isomorphism, denoted again by
The definition of ∂ doesn't depend on the choice of Ω X on compact Calabi-Yau manifolds.
Definition 3.6 ([12]
). The space of fields for BCOV theory on X is the complex
where t is a formal variable of degree 2 representing the gravitational descendants. [2] is the degree shifting such that PV 1,1 (X) lies in degree 0.
The BV kernel of BCOV theory is in fact degenerate, hence does not come from a (−1)-symplectic pairing. Nevertheless, the framework of effective BV quantization still works (see Remark 2.5). Consider the trace map
The BV kernel is a (PV(X × X) =) PV(X) ⊗ PV(X)-valued distribution representing the integral kernel (with respect to Tr) of the operator ∂ : PV(X) → PV(X). In other words, it is given by (∂ ⊗ 1)δ where δ is the δ-function representing the integral kernel of the identity operator with respect to Tr.
In particular, PV(X)t k for k > 0 does not appear in the BV kernel: they are not dynamical hence are called background fields. We see that BCOV theory is a highly degenerate BV theory with a huge number of background fields.
The classical interaction of BCOV theory is given by I 0 (µ) = Tr e µ 0 , µ ∈ E , where
and e µ 0 is understood as
It is shown in [12] that I 0 satisfies the classical master equation
The effective BV quantization of classical BCOV theory leads to higher genus B-model invariants which is expected to be identified with the A-model Gromov-Witten invariants of the mirror Calabi-Yau [5, 12] . So far we have only established quantizations of BCOV theory on a few special Calabi-Yau geometries [13, 33] . Elliptic curve is an example where we have fully established the quantum BCOV theory.
Remark 3.7. The above setup is naturally genearlized to the Landau-Ginzburg case when X is a non-compact Calabi-Yau equipped with a holomorphic function f :
is given by compactly supported polyvector fields, and Q =∂ + t∂ + d f . When X = C n and f is a holomorphic function with an isolated critical point, the genus zero Landau-Ginzburg twisted BCOV theory is equivalent [35, 36] to K. Saito's theory of primitive forms [42] .
3.3.2. The elliptic curve example. We carry out the effective BV quantization of BCOV theory explicitly in the case of elliptic curves.
Let τ be an element of the upper half plane. Let E τ = C/(Z ⊕ Zτ) be the corresponding elliptic curve. z denotes the linear holomorphic coordinate. The space of fields of BCOV theory on E τ is
The differential is given by
where ∂ : T E τ → O E τ is the divergence operator with respect to the holormophic volume form dz.
Let us first describe the BV bracket concretely. Let us parametrize a field ϕ ∈ E by
Then the only nontrivial BV bracket is given by
where δ 2 (z − w) is the δ-function with respect to the volume form Such subsector represents t∂-cohomology of the fields, and is called the stationary sector [32] which is mirror to a similar notion in the A-model. It determines the full generating function on elliptic curves with the help of Virasoro constraint [40] .
Restricting to the stationary subsector, the quantum corrected chiral interaction is given by , q = e 2πiτ , coincides with the A-model stationary Gromov-Witten invariants [40] under the boson-fermion correspondence. This can be viewed as a full generalization of [14] who considers the cubic interaction W (3) .
3.4. Calabi-Yau geometry and integrable hierarchy. Topological string on Calabi-Yau manifolds is often found to be related to certain integrable hierarchies. In this section we propose a uniform interpretation in terms of BCOV theory. The classical aspects of this construction is explored in [28] .
Let X be a Calabi-Yau geometry. It can be either a compact Calabi-Yau, or a noncompact Calabi-Yau with a Landau-Ginzburg superpotential f : X → C having isolated critical points. We consider X × C, which is again a Calabi-Yau manifold. Here we equip C with the trivial volume form dz. We consider BCOV theory on X × C, with a parameter = 0 E = PV(X × C)[[t]], Q =∂ + t(∂ X + ∂ C )
Here ∂ X (∂ C respectively) is the divergence operator with respect to the Calabi-Yau volume form on X (C respectively). The BV kernel is the integral kernel of the operator (∂ X + ∂ C ) on PV(X × C). It is easy to see that the same classical interaction satisfies the classical master equation. Now we consider the process of integrating out massive modes on X B-model (BCOV theory E ) on X × C integration out over X Effective 2d chiral theory on C Mathematically, this process is a partial homological perturbation along component of X (this requires a choice of splitting of the Hodge filtration on X). We end up with an effective 2d chiral theory on C, whose space of fields is 
